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ADDITIVITY OF MEASURE
IMPLIES ADDITIVITY OF CATEGORY
BY
TOMEK BARTOSZYNSKI

ABSTRACT. In this paper it is proved that 2“-additivity of category follows from
2¢-additivity of measure, and a combinatorial characterization of additivity of
measure is found.

DEFINITIONS. For abbreviation we denote by A(c), B(c), A(m), B(m), D and hD
the following sentences:

A(c) = union of less than 2“ meager sets is meager.

B(c¢) = union of less than 2“ meager sets is not w®.

A(m) and B(m) are defined analogously by replacing the word “meager” by
“Lebesgue measure zero”. The symbols V*, 3* abbreviate “for all but finitely
many” and “exist infinitely many”. Let < denote the following order on w“. For

[, 8 €W, f<g=V*nf(n)<g(n).
D=VFCw[F|<2®->3g€ w0’ VfEFf<g]
hD = for every family of power less than 2 which consists of converging series
there exists a converging series eventually dominating each of them.
Recall here some known facts which will be used later.

THEOREM 1 (MILLER, TRUSS). A(¢) = B(c)& D. O
THEOREM 2 (MILLER). Assuming D
B(c) =VF C w*[|F|<2®->3g€w*VfE FI®nf(n)=g(n)]. O
THEOREM 3 (KUNEN). A(¢) » A(m). O
For the proofs see [1].
THEOREM 4 (MILLER). A(m) —» D. O
COROLLARY (MILLER). A(m)& B(c) — A(c). O

For the proof of Theorem 4 see [2].
Now we will find a combinatorial characterization of A(m) which will be useful to
establish the main result.

THEOREM 5. A(m) = hD.
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PROOF. — We will work in the space R with Lebesgue measure m. Let {I,: n < w)
be the enumeration of the standard basis of R, i.e. open intervals with rational
endpoints. Take any family {G,: £ <A <2} of null sets in R. For every £ <\ we
can find basic intervals {If: n < w} such that

o0
V,oxG:C (N U and vV, 3 m(If) <o

n m>n n=1

Now for § <A define f; € 2“ as

1 I, =Ifforsomek € w

fe(”) = forn < w.
0 in the other cases

By this definition we have
e}
Vear 2 f(n) - m(1,) < co.
n=1

Now take the family {3,_, f,(n) - m(I,): £ <A}. It is easy to see that using D we
can get f € 2° such that 37, f(n) - m(I,) < co and V,_\V®n f(n) < f(n). Let
G=nNn,U I,. We have

m>n.f(m)=1"m

Gc (N UIfcG forg<a.

n m>n

This finishes the proof because G is a null set. [

— LEMMA. The following conditions are equivalent:

(i) hD.

(i) VF C w®[|[F|<2* >3], Cw[|I,|<n® AVfE FV®nf(n) € L]
(iii)

D&VF C w* (|F|<2‘°&F<f& § ﬁ<oo)

n=1

o Ll
-3, Cw
2, 70m)

PROOF OF THE LEMMA. (i) — (ii). Let F = {f;: § <A <2“} C w“. Define for { <A
the series

<owVgeEFV®ng(n)el,

S max{k™?:n=f(k)}, n € Rg(f),
"o, n & Rg(f,).

By hD there exists 3%_, a, eventually dominating all 3%, a¢, 3*_,a, < 1. Denote
I, = {n:a,=k™?} for k <w. Notice that |I,|< n? for almost every n < w and
Vge FV®ng(n)€l, QED.

(i1) - (i). Take any family of coverging series, i.e. F = {f;: § <A <2“} where
fe: @ = Q (rationals) for every £ <. Define for £ <A sequences {n}: k <w} C w
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such that

VW k S f(i) <27

i >ni
Notice that (ii) obviously implies D, so we can find 7 € w* such that
VWV %k n§ < h(k).

Now define
fi(k) = fatnco sy for§ <A,

We apply (ii) to the family { f;: £ <A} to get {1,: n < w} such that Vk | I, |< k? and
V:<\V°k f{(k) € I. Each I, consists of functions from [A(k), h(k + 1)) to Q. Now
define a series f: w — Q in the following way:

h(k+1)
f(n):sup{s(n):selkand > s(i)<2"‘}.

i=h(k)

for n € [h(k), h(k + 1)). Notice that 37, f(n) < 2., n*/2" < o0 and V,_\V*n
fe(n) < f(n), so fis what we were looking for. [J
(i) - (iii). Take any family F C w® such that | F|< 2 F < fand 2°_,1/f(n) <
oo0. We have to find {I,: n < w} such that
§ |I"|< d vge FVv®ng(n) el
—=< o0 an g ng(n -

Let {R,: n < w} be a nondecreasing sequence such that

[e o}
> —~<ow and R, — .

n=1 f(n) n— oo

Pick a sequence {u,: n < w} such that Va R, = n?. For g € F let g’ be defined in
the following way:

g'(k) = glu .y fork<o.

Applying (ii) to the family {g": g € F} and define as in the previous proof:
J,=A{s(n):s €L} forn€lu,u,.,).
It is easy to see that
Vg EFV®n g(n) €J, and V*n |J|<R,.

As we noticed earlier (ii) — D so the implication (ii) — (iii) is proved. [

(iii) — (ii). Take any F C »®, | F|<2“. By D we can find f € w* and a strictly
increasing sequence {k,: n < w} C w such that F < f and k,/f(n) = n~? for every
n < w. For g € F define g’ € w® in the following way:

(OO (C) N (€))
"k, times ' k, times ' k, times '
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Now apply (iii) to the family {g’: g¢ € F'} and define J, = I; of minimal power from
the &, th block for n < w. We have

oC oC oC
Ll § kbl - § 1l

n=1 f(n) n=1 f(n) n=1 n2
Thus |J,|< n? for almost every n < w and Vg € F V®n g(n) € J,. This finishes the
proof of the lemma. [

Now we will prove that A(m) — (iii)). By Theorem 4 we already know that
A(m) - D. Take any family F C w*, F < fsuch that| F|<2“and 3,_, f(n)"' < c0.
Let X =II%_, f(n) and

n=1
H,= {x € X:3%nx(n) = g(n)} forge€ X.

oo >

Denote by p the standard product measure on X.

w(H) = N U (x € X x(m) = g(m)}

n m>n

Su( U {x € X:x(m) = g(m)}) < 2 f(m)™' >0 asn- .
m>n m>n
Thus p(H,) = 0 for g € X. By A(m) we can find a closed set, i.e. a tree T such that
the set of its branches [T] has positive measure and [T]N H, = & for g € F.
Denote T(n) = {x(n): x €[T]} and T, = {t € T: s < t}. We can assume that [T]
has positive measure for s € T.

CLAIM. Vg € F3s € TVn > lh(s) g(n) & T(n).

PROOF. Assume that it is false for some g € F. Then there is a branch x € [T]
such that 3%n x(n) = g(n). But this means that [T] N H, # @, thus a contradic-
tion. O

Therefore for every g € F we have some subtree T, as in the claim: let us call them

T,,T,,T,,.... Denote I, = T,(m) for n, m < w. It is easy to see that
ﬁ 1] >0 foralln<
- oralln < w.
m=1 f(m)

By changing the first few I,,’s for every n < w we can obtain {I;: n, m < w} (use the

same name) such that
oo} In
11 M> 1—-27""" forn<w.

m=1 S(m)

Now let J,, = N I, for m < w. Obviously II,|J,|/f(n) > 0. Let I, = f(n) — J,,
n < w. Itis not very hard to see that 2%°_, |1, |/f(n) < cc and Vg € FV*n g(n) € I,.
This finishes the proof of Theorem 5. [

THEOREM 6. hD — A(c).
COROLLARY. A(m) = A(c). O

PrROOF. By Theorems 1 and 2 in order to prove Theorem 6 it is enough to show
that (ii) implies

VF < o[|F|< 2% - 3g € w* Vf € F3%n f(n) = g(n)].
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Take any family F C w®, | F|<2“. We have to find g € w* such that Vf € F3%n
f(n) = g(n). For f € F define f’ in the following way:

(k) = fras sk 1yy k<o

Applying (ii) to the family { f: f € F} we obtain {I,: n < w} such that |I,|< n* for
n<w and Vf € FV®n f'(n) € I,. Notice that each I, consists of less than n?
functions whose domains have power bigger than n? (because (n + 1)* — n > n?).
Thus it is easy to find the required function picking one value out of each function
from I, for every n < w. This finishes the proof of Theorem 6. O

In fact we have proved

COROLLARY. If unions of less than X null sets are null than unions of less than A
meager sets are meager. [

This was also proved later by J. Raisonnier and Y. Stern.
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